We investigate the structure of the higher genus topological string amplitudes on the quintic hypersurface. It is shown that the partition functions of the higher genus than one can be expressed as polynomials of five generators. We also compute the explicit polynomial forms of the partition functions for genus 2, 3, and 4. Moreover, some coefficients are written down for all genus.
Introduction
The topological string theory on a Calabi-Yau 3-fold is a good toy model as well as a computational tool of the superstring. Especially, it is a practicable problem to calculate the higher genus amplitudes, while those of the physical string are technically difficult to calculate. The topological A-model partition functions on a Calabi-Yau 3-fold M is defined for genus g ≥ 2 as topological CFT which depends on the Kähler parameter t. We denote by M g the moduli space of the complex structure on genus g Riemann surface. Then the genus g ≥ 2 topological
string partition function can be defined as
where µ k 's are the Beltrami differentials and G − ,Ḡ − are "b-ghosts" of N = 2 topological CFT.
The two definition are connected by a gauge transformation f (t) and the limit, namely The non-holomorphic partition function F g (t,t) has a good global properties.
Thet dependence is governed by the holomorphic anomaly equation which is written down by Bershadsky, Cecotti, Ooguri and Vafa [1, 2] . This equation provides an effective method to calculate the higher genus amplitudes. But there remain some ambiguities to determine the amplitudes by using the holomorphic anomaly equation. Ref. [2] have used geometric consideration to fix the ambiguity, and obtain genus 2 partition function for the quintic hypersurface.
As Ghoshal and Vafa have pointed out in [3] , comparing the conifold limit and the topological string on conifold gives non-trivial information. In [4] , Katz, Klemm, and Vafa have used the M-theory picture and obtained genus 3 and 4 partition function for the quintic. In order to proceed this calculation, we want to understand the structure of the higher genus amplitudes.
Higher genus amplitudes are expected to have the property similar to the modular forms.
Every modular form can be written in a quasi-homogeneous polynomial of Eisenstein series E 4 and E 6 . This is the very beginning of the interesting theory of the modular forms. It will be interesting as well as useful if the topological string partition function has this kind of polynomial structure. Actually, as pointed out in [5] , a discrete group similar to SL(2, Z) but not the same, act to the moduli space of the quintic hypersurface.
In this paper, we explore the structure of the higher genus amplitudes of the quintic hypersurface. We will show that the topological string partition function F g can be written as a degree (3g − 3) quasi-homogeneous polynomial of five generators V 1 , V 2 , V 3 , W 1 , Y 1 , where we assign the degree 1, 2, 3, 1, 1 for
are the functions of the moduli parameter whose explicit forms are summarized in eqs. (3.33) .
This fact provides a simple expression of the partition function of each genus; This polynomial expression is completely closed and includes all the data of the coefficients of instanton expansion. The polynomial is also more compact than the raw Feynman diagram expression;
The number of terms grows only in power of the genus.
The construction of this paper is as follows. In section 2, we review the method of calculation of topological string amplitudes by using the mirror symmetry and the holomorphic anomaly equation. In section 3, we prove that the partition function can be written as a polynomial of the five generators. Some of the coefficients are calculated in section 4. Section 5 is devoted to conclusions and discussions. In appendix A, polynomial form of genus 3 and 4 partition function are written. In appendix B, we discuss the generalization to the Calabi-Yau hypersurfaces in weighted projective spaces treated in [6] .
2 Calculation of topological string amplitudes by mirror symmetry and the holomorphic anomaly equation
In this section, we review the calculation of the topological string amplitudes by the mirror symmetry [5, 1, 2] . First, we explain the genus zero amplitudes following [5] . After that, we will explain the genus one amplitudes and the higher genus ones following [1, 2] . In this paper, we mainly work with the quintic hypersurface in CP 4 . For this reason, we will concentrate to the case of quintic in the review in this section.
Genus zero
Let us review the genus zero amplitudes of the quintic [5] . The mirror manifold of the quintic is expressed by the orbifold of the hypersurface in CP 4 [7] p := x 
We fix the gauge to the standard one in which the holomorphic 3-form Ω is written as Ω = 5ψ
In this gauge, the Picard-Fuchs equation for a period w = Ω is given by
There is a solution ω 0 which is regular at ψ → ∞. This solution is expressed by the expansion in ψ −5 as
In order to write down the other solutions, we extend the definition of ω 0 to the function of ψ and ρ to use the Frobenius argument. This function ω 0 (ψ, ρ) should be the form
The natural basis of the solutions are written as
This basis are standard symplectic basis. Therefore, the Kähler potential K of the moduli space can be written as
This matrix Σ is the ordinary symplectic bilinear form. The metric of the moduli space is obtained as G ψψ = ∂ ψ∂ψ K.
Let us denote the complexified Kähler parameter in the A-model picture by t. The relation between ψ and t ("mirror map") is given by
where Ψ(x) := ∂ x log Γ(x) .
Another important observable is the Yukawa coupling. It is determined by 
This differential equation can be solved as 12) where the normalization is fixed by the asymptotic behavior. The Yukawa coupling in the t-frame becomes
The first factor in the right-hand side comes from the gauge transformation, and the second factor is the contribution of the coordinate transformation. The C
A-model ttt
gives the instanton expansion of the A-model picture and includes the information of the number of rational curves in the quintic.
These quantities, Kähler potential, metric, and Yukawa coupling are essential to compute the higher genus amplitudes.
Genus one and higher
The one point function ∂ ψ F 1 of genus one satisfies the holomorphic anomaly equation [1] 
where C ψψ ψ is defined as
Eq. (2.14) can be solved as
The holomorphic ambiguity is fixed by the asymptotic behavior. In the t-frame, and topological limit (t → ∞), this one point function becomes
This function gives the instanton expansion in A-model picture, and includes the information of the number of elliptic curves in the quintic.
Let us turn to the g ≥ 2 amplitudes. First, we introduce some notations. We denote the vacuum bundle by L. Holomorphic 3-form Ω is a section of L. For a section of L, the action of the gauge transformation (Kähler transformation) are parametrized by a holomorphic function f (ψ) and expressed as
The genus g partition function F g is a section of L 2−2g and transform as
Besides this symmetry of Kähler transformation, there is another gauge symmetry -the reparametrization of the moduli. We will define the covariant derivative D ψ for these two
where Γ
Next, we consider the holomorphic anomaly equation. The holomorphic anomaly equation
for the genus g partition function F g is given by [2] 
A solution of (2.20) is given by the Feynman rule as in [2] . We denote this solution by
The Feynman rule is composed of two kind of things: propagators and vertices. We begin with the propagators. It is useful to introduce the following quantities.
where f is a holomorphic section of L and v is a holomorphic vector field on the moduli space.
In our gauge, we can set f = ψ and v = 1. The quantities S ψψ , S ψ , S in (2.21) are determined to satisfy the relations
To show these relations, we use the special geometry relations [8] ∂ψC ψψψ = 0,
There are three types of propagators; The one connecting two solid lines, the one connecting solid and dashed lines, and the one connecting two dashed lines. The value of these propagators are written as
Let us turn to the vertices. A vertex is labeled by three integers g, n, m. n solid lines and m dashed lines end to the vertex labeled by g, n, m. We denote the value of the vertex as
where λ is the topological string coupling constant. The detail of the vertex C (g) ψ n ,ϕ m are described as
The value of a diagram is obtained by multiplying the values of all the elements. For example, the following diagram is the one which contribute to F 5 . We can evaluate this diagram 
where f g (ψ) is a holomorphic function. From the asymptotic behavior, f g (ψ) can be written as the following form.
Here [·] denotes the Gauss symbol. The coefficients b g,j are determined to cancel the singularity at ψ = 0. On the other hand, coefficients a g,j are ambiguities and should be determined by other information.
The expression of a partition function in the t-frame is given by
By expanding F A-model g in terms of e −t , we will obtain the instanton expansion of the A-model.
Generators for the higher genus amplitudes
In this section, we will show that the higher genus amplitudes are expressed as polynomials of finite number of generators. First, in subsection 3.1 we introduce infinite number of generators, and show that the amplitudes can be written as polynomials of these generators. Second, in subsection 3.2, these infinite number of generators turn out to be written as polynomials of finite number of generators. Finally, in section 3.3, we will reconsider the holomorphic anomaly equation and show that the number of generators for partition functions reduces by one. We also state the final form of the claim in the t-frame.
Expression of amplitudes by infinite number of generators
Let us introduce some notations.
Especially, A := A 1 and B := B 1 are "connections" as
We also denote amplitudes in "(Yukawa coupling)= 1 frame" by
where P g is defined for g ≥ 2 and P (n) g is defined for g = 0 and n ≥ 3, g = 1 and n ≥ 1, or g ≥ 2 and n ≥ 0. The first thing we want to show is
is an degree (3g−3+n) inhomogeneous polynomial of A p , B p , X, (p = 1, 2, 3, . . . ), where we assign "degree" p to A p and B p , and 1 to X. Now, we prove this statement. As preliminaries, we consider two things: the derivatives of generators and the expression of propagators. The derivatives of the quantities of eq.(3.1)
We find two facts from these equations. First, if h(A p , B p , X) is a polynomial of A p , B p , X, then the derivative ψ∂ ψ h is again a polynomial of A p , B p , X. Second, the derivative ψ∂ ψ increases the degree by 1 in general. We can derive the similar facts for the covariant derivative ψD ψ .
Let h be a section of (T * ) ℓ ⊗ L m , and assume ψ ℓ C −m/2 h is a polynomial of A p , B p , X of degree n. Then the covariant derivative (2.19) of h becomes
and therefore C −m/2 ψ ℓ+1 D ψ h is a polynomial of A p , B p , X of degree (n + 1) .
We can write the propagators in eqs. (2.21) in terms of A p , B p , X as
These equations explicitly shows that T ψψ , T ψ , T are inhomogeneous polynomials of degree 1, 2, 3 respectively.
Let us prove proposition 1 by induction. If we assume P (n) g is a polynomial of A p , B p , X of degree 3g − 3 + n, then P (n+1) g can be written as
and P (n+1) g turn out to be a polynomial of degree (3g − 3 + n + 1). As for g = 0, because
g=0 = 1 by definition, we can conclude that each P (n) g=0 , n = 3, 4, 5, . . . is a polynomial of degree (−3 + n). In the case of g = 1, eq. (2.16) reads
and we also find that each P (n) g=1 , (n = 1, 2, 3, . . . ) is a polynomial of degree n. Let us fix g ≥ 2 and assume each P (n) r , r < g is a polynomial of degree (3r − 3 + n). In order to show P g to be a polynomial, we pick up a diagram D which contribute to F g . We denote the number of vertices by k, the number of solid lines by e, the number of half-dashed lines by e ′ , and the number of dashed lines by e ′′ in the diagram D. We label each vertex by j, (j = 1, . . . , k) and let the genus of the vertex be g j . We also let n j solid lines and m j dashed lines end on the j-th vertex. Then considering the number of lines, we find the relations
Since D contribute to F g , we obtain the relation by counting the order of λ. By using these relations and the expressions of vertices and propagators (2.26), (3.6), D is evaluated as (3g j − 3 + n j ) + e + 2e ′ + 3e
As a result, we can conclude that
So far, we have shown that the Feynman diagram part of P g is a degree (3g − 3) polynomial.
Now let us turn to the holomorphic part. Eq. (2.30) is written by using X as
Actually C can be written as C = (2πi) 3 5 3 (X − 1) because of the explicit form of the C ψψψ in (2.12). Consequently, we can conclude that C g−1 f g is a degree (3g − 3) polynomial of X. Here, we have proved proposition 1.
Relation between generators
In this subsection, we will show that among the generators in First, let us begin with B p . By using eq.(2.8) and the definition (3.1), we can write B p in the following form.
Since each component of Π is a period, Π satisfies the Picard-Fuchs equation (2.4) Moreover, multiply C/ψ 2 this equation and use eq.(3.6), then we obtain the following differential equation
The last term inside the∂ψ can be expressed in terms of A, B, . . .
We can also derive the following relation from the definition (3.1)
If we put these things into eq.(3.18), we obtain the differential equation
We can fix the "holomorphic ambiguity" by asymptotic behavior, and obtain the relation
If we differentiate (3.22), and use (3.16) and (3.22) recursively, we will obtain the expression of A p , p = 2, 3, 4, . . . as polynomials of A, B, B 2 , B 3 , X of appropriate degrees.
Back to holomorphic anomaly equation
Now, we have shown that each P (n) g is a degree (3g − 3 + n) polynomial of A, B, B 2 , B 3 , X. In this subsection, we will rewrite the holomorphic anomaly equation (2.20) , and see the nature of the polynomial P g (A, B, B 2 , B 3 , X). As we will see, P g depends on some special combinations of A, B, B 2 , B 3 , X.
First, we multiply C g−1 both side of eq.(2.20) and see the left-hand side. Since X is holomorphic, the anti-holomorphic derivative of P g becomes
As we have seen in eq.(3.20),∂ψB 2 can be written as
Similarly, we can rewrite∂ψB 3 as
If we put these things into eq.(2.20) and use the first equation of (2.22) and eq.(3.6), the holomorphic anomaly equation can be written as
If we assume∂ψA and∂ψB are independent, eq.(3.26) yields two independent differential equations. One of these is written as
(3.27)
This differential equation gives a constraint for the partition function P g . To see this, it is convenient to change the variables from (A, B, B 2 , B 3 , X) to (u, v 1 , v 2 , v 3 , X) as
In variables (u, v 1 , v 2 , v 3 , X), eq.(3.27) simplifies to
As a result, we can conclude that P g is independent of u in the valuable (u, v 1 , v 2 , v 3 , X). We summarize this result as the following proposition.
where we assign the degree 1, 2, 3, 1 for v 1 , v 2 , v 3 , X, respectively.
Finally, we state proposition 2 in the A-model picture. Recall that the partition function
Therefore, if we define
then the final form of the claim is obtained as the theorem.
We write the summary of the final form of generators V 1 , V 2 , V 3 , W 1 , Y 1 here. We use the fact thatψ → ∞, G ψψ ∝ψ −2 ∂ ψ t and e −K → ω 0 in the limitt → ∞. The function ω 0 (ψ) and t(ψ) is as written in eq.(2.5) and eq.(2.9) respectively. The generators are expressed as
To obtain the instanton expansion, we need to write down the inverse relation ψ = ψ(t) as a power series of e −t and insert it to the above expressions.
4 Some results for the coefficients of the polynomial representation So far, we have proved that P g is a polynomial of v 1 , v 2 , v 3 , X. In this section, we try to determine the coefficients of the polynomial. To do this, the most serious problem is the holomorphic ambiguity. As for some lower genus, say genus 2,3, and 4, we can fix the ambiguity by known results [2, 4] . There are also a part of the coefficients which do not suffer from the ambiguity.
We will calculate some of these coefficients for all genus.
In this section, we use proposition 2 form of P g . In order to get theorem 1 form of F A-model g , replace v j with V j and X with Y 1 , and adjust the degree with W 1 .
Lower genus partition functions
We can calculate the coefficients of the polynomial by holomorphic anomaly equation or equivalently the Feynman rule. We should fix the holomorphic ambiguity at each order. For example, the genus 2 partition function can be written in the polynomial form We can also write the genus 3 and 4 partition function in the polynomial form, and show them in appendix A.
Coefficients of v n 3
We can calculate some simple part of the coefficients in the full order. In this subsection, we consider the coefficients of v n 3 term. First, we define the following partition function
The holomorphic anomaly equation can be written in the simple form as explained in [2] ∂ψZ = 1 2 λ 2 (−∂ψA − 2∂ψB) (P
1 + (P
)
2 )Z + 2P
(1)
3)
The both side of this equation become quadratic in u. If we use explicit form of P (1) 1 and P
1 , and compare each coefficients of u, we obtain three partial differential equation of Z
Here ψ∂ ψ act to Z as
Now, in order to see only the v 3 and λ dependence, we define a function
The coefficients of v n 3 terms are encoded in this function Z. This function Z satisfies also the differential equation (4.7). As a result, Z is solved by the formal power series as 10) where the constants α ℓ , (ℓ = 0, 1, 2, . . . ) are part of the holomorphic ambiguities. These are fixed by considering the constant map contribution [9, 10, 11] , namely
where B g , g = 1, 2, 3, . . . are the Bernoulli numbers. We also use the fact that in the limit t → ∞ and t → ∞, v j and X vanish. The α n are expressed as
Let us make a remark here. We denote the generating function of the coefficient of λ 2n v n 3 in (4.10) by Z (0) . The explicit form of Z (0) can be written as a formal series
This series can be rewritten as the asymptotic expansion of Kummer confluent hypergeometric function 1 F 1 (α, γ; z). We can write
where C 1 and C 2 are constants which satisfies
The expression (4.14) might give some non-perturbative information of the topological string theory.
Conclusion and Discussion
In this paper, we have shown that the topological partition functions of the quintic can be written as polynomials of five generators. We have written down the polynomial forms of F 2 , F 3 , F 4 . We also obtain the coefficients of v n 3 for all genus. To fix the holomorphic ambiguity is the most serious problem to obtain the coefficients of the polynomial. One possible way to do this is using the heterotic dual description [12, 13, 14, 9, 15] .
Also the large N duality [16] might give some hints.
The fact that F g 's are polynomials of five generators implies that there are polynomial relations between F g 's. In other words, for 2 ≤ g 1 < g 2 < · · · < g k , k ≥ 6, there is a quasihomogeneous polynomial Q (F g 1 , . . . , F g k ) such that Q (F g 1 , . . . , F g k ) = 0.
(5.1)
These polynomial relations are completely gauge invariant. Therefore we can expect some physical or mathematical meaning of the coefficients of this polynomial. If this meaning becomes clear, it might be useful to fix the holomorphic ambiguity.
In this paper, we mainly treat the quintic hypersurface. We can also do the similar analysis for the Calabi-Yau hypersurfaces in weighted projective spaces treated in [6] . See appendix B.
The generalization to other Calabi-Yau manifolds, especially complete intersection in products of weighted projective spaces [17, 18] is a future problem.
X is defined as
The derivatives of these things are written as ψ∂ ψ A p = A p+1 − AA p , ψ∂ ψ A p = A p+1 − AA p , ψ∂ ψ X = kX(X − 1), ψ∂ ψ C = kXC.
(B.
2)
The relation between generators are modified as follows. Eq. The partition function P g := C g−1 F g can be written as a degree (3g − 3) inhomogeneous polynomial of v 1 , v 2 , v 3 , X. For example, P 2 of k = 6 hypersurface becomes (B.9)
